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Abstract
In this paper, the Lpv(R)-boundedness of the Dunkl-Hausdorff operatorHα,φf(x) =
∫
R
|φ(t)|
|t|2α+2 f
(x
t
)
dt
has been characterized and for a certain type of weight v, the precise value of the norm
‖Hα,φ‖Lpv(R)→Lpv(R) has been obtained. This covers several of the existing results. Analogous
results in two dimensions have also been proved.
Keywords: Hausdorff operator, Dunkl operator, Dunkl-Hausdorff operator, weighted Lebesgue
spaces.
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1 Introduction
Let v be a weight function, i.e., a function which is measurable, positive and finite almost everywhere
on the specified domain. By Lpv(R), 1 ≤ p < ∞, we denote the weighted Lebesgue space and a
norm of a function f ∈ Lpv(R) is given by
‖f‖Lpv(R) :=
(∫
R
|f(x)|pv(x)dx
)1/p
.
Occasionally, we shall be referring to the specific weight v(x) = |x|2α+1. The corresponding weighted
Lebesgue space will be denoted by Lpα(R). The non-weighted Lebesgue space, i.e., when v ≡ 1, will
be denoted by Lp(R).
Let φ ∈ L1(R). In the present paper, we are concerned with the Dunkl-Hausdorff operator
[4, 5, 6, 7]
Hα,φf(x) =
∫
R
|φ(t)|
|t|2α+2 f
(x
t
)
dt.
When α = −1/2, The operator Hα,φ is the famous Hausdorff operator
Hφf(x) =
∫
R
|φ(t)|
|t| f
(x
t
)
dt,
from which several well known operators can be deduced for suitable choices of φ, e.g., for φ(t) =
1
tχ(1,∞)(t), the operator Hφ reduces to the standard Hardy averaging operator
Hf(x) =
1
x
∫ x
0
f(t) dt
while for φ(t) = χ[0,1](t), it reduces to the adjoint of Hardy averaging operator
H∗f(x) =
∫
∞
x
f(t)
t
dt.
Similarly, other operators like Calderon operator, Cesa´ro operator and fractional Riemann Liouville
operator can also be deduced from Hφ, see [3, 10] for details. For more updates on the Hausdorff
operator, its extensions and in the framework of other function spaces one may refer to [1, 2, 11,
14, 15] and the survey [13].
By the replacement φ(s) = 1sψ
(
1
s
)
, s > 0, the operator Hφ (considered on R
+) becomes
equivalent to
Gψg(x) =
1
x
∫
∞
0
ψ
(
t
x
)
g(t) dt.
It was proved by Golberg ([8], Theorem 1) that if ψ ≥ 0 on R+ is such that
∫
R
ψ(t)√
t
dt =: K <∞,
then the operator Gψ (and consequently Hφ) is a bounded operator on L
2(R+) and ‖Gψ‖ ≤ K.
The Lp-boundedness of Gψ is derived in ([9], Theorem 319) and for many other extensions with
sharp constants one may refer to ([12], Theorem 6.4 and bibliographic notes to Chapter 2 therein).
In [10], the authors reestablished the Lp(R+)-boundedness of Gψ and via a new proof of the lower
bound, obtained the precise value of ‖Gψ‖Lp(R+)→Lp(R+) as
‖Gψ‖Lp(R+)→Lp(R+) =
∫
∞
0
ψ(t)
t1/p
dt =: Kp, 1 < p <∞.
Recently, in [3], a two weight characterization of the boundedness of Hφ between L
p
v(R+) and
Lpw(R+) has been given. Moreover, in the same paper, the corresponding boundedness has been
studied in the framework of other function spaces as well, namely, grand Lebesgue spaces and
variable exponent Lebesgue spaces.
Coming back to the Dunkl-Hausdorff operator Hα,φ, its L
1
α(R) boundedness has been proved
in [4] whereas Lpα(R) boundedness is obtained in [6] and in each case, a sufficient condition has
been provided. We, in this paper, generalize these results by providing a characterization for the
Lpv(R) boundedness of Hα,φ and for a certain type of weight v, we provide the precise value of the
norm ‖Hα,φ‖Lpv(R)→Lpv(R). Moreover, a sufficient condition has been proved for two weights and two
indices boundedness, i.e., Hα,φ : L
p
w(R)→ Lqv(R) boundedness. These results have also been proved
in the two dimensional framework.
2
2 One dimensional case
We begin by proving the following:
Theorem 2.1. Let 1 < p <∞, v be weight function and φ ∈ L1(R) be such that
∫
R
|φ(t)|
|t|2α+2− 1p
(
sup
y∈R
v(ty)
v(y)
)1/p
dt =: Asup <∞.
Then the operator Hα,φ is a bounded operator on L
p
v(R) and
‖Hα,φf‖Lpv(R) ≤ Asup‖f‖Lpv(R).
Proof. If f ∈ Lpv(R) then by using generalised Minkowski inequality, change of variables and
Ho¨lder’s inequality, we have
‖Hα,φf‖Lpv(R) =
(∫
R
|Hα,φf(x)|pv(x)dx
) 1
p
=
(∫
R
∣∣∣∣
∫
R
|φ(t)|
|t|2α+2 f
(x
t
)
dt
∣∣∣∣
p
v(x)dx
) 1
p
≤
(∫
R
(∫
R
|φ(t)|
|t|2α+2
∣∣∣f (x
t
)∣∣∣ v 1p (x)dt)p dx)
1
p
≤
∫
R
|φ(t)|
|t|2α+2 |t|
1
p
(∫
R
|f(y)|p v(yt)dy
) 1
p
dt
=
∫
R
|φ(t)|
|t|2α+2− 1p
(∫
R
|f(y)|p v(y)v−1(y)v(yt)dy
) 1
p
dt (2.1)
≤

∫
R
|φ(t)|
|t|2α+2− 1p
(
sup
y∈R
v(ty)
v(y)
) 1
p
dt

(∫
R
|f(y)|pv(y)dy
) 1
p
= Asup‖f‖Lpv(R)
and the assertion follows.
The following theorem provides a converse of Theorem 2.1. Here and throughout p′ denotes the
conjugate index to p, i.e., 1p +
1
p′ = 1.
Theorem 2.2. Let 1 < p < ∞, v be a weight function and φ ∈ L1(R). If the operator Hα,φ is a
bounded operator on Lpv(R), then
‖Hα,φ‖ ≥
∫
R
|φ(t)|
|t|2α+2− 1p
(
inf
y∈R
v(ty)
v(y)
)1/p
dt =: Ainf .
Proof. Let us consider 0 ≤ f ∈ Lpv(R) and 0 ≤ g ∈ Lp
′
v1−p′
(R). On using Fubini’s Theorem and
Ho¨lder’s inequality, We have
J :=
∫
R
|φ(t)|
|t|2α+2
(∫
R
f
(x
t
)
g(x)dx
)
dt (2.2)
3
=∫
R
g(x)
(∫
R
|φ(t)|
|t|2α+2 f
(x
t
)
dt
)
dx
≤
∫
R
|g(x)| |(Hα,φf)(x)| dx
=
∫
R
|g(x)|v 1p (x)v−1p (x) |(Hα,φf)(x)| dx
≤
(∫
R
|(Hα,φf) (x)|p v(x)dx
)1/p(∫
R
|g(x)|p′v−p
′
p (x)dx
) 1p′
≤ ‖Hα,φ‖‖f‖Lpv(R)‖g‖Lp′
v1−p
′
(R)
. (2.3)
For any interval I = (a, b), I ′ will denote the interval (−b,−a). Now, for u ∈ (0, 1), let I1 = (u, 1/u)
so that I ′1 = (−1/u,−u). Define the test functions
fu(x) =
v−1/p(x)
|x|1/p χI1∪I′1(x), gu(x) =
v1/p(x)
|x|1/p′ χI1∪I′1(x).
Then it can be calculated that
‖fu‖pLpv(R) = ‖gu‖
p′
Lp
′
v1−p
′
(R)
= 4 log(1/u). (2.4)
Also, we have
hu(t) :=
∫
R
fu
(x
t
)
gu(x)dx
= |t|1/p
∫
R
1
|y|χI1∪I′1(y)χI1∪I′1 (ty) v
−1/p(y)v1/p(ty)dy
= |t|1/p
∫
R
1
|y|χIt,u(y)v
−1/p(y)v1/p(ty)dy
≥ inf
y∈R
(
v(ty)
v(y)
)1/p
|t|1/p
∫
R
1
|y|χIt,u(y)dy (2.5)
where
It,u =
{
(I1 ∪ I ′1) ∩ (I2 ∪ I ′2), if t ≥ 0
(I1 ∪ I ′1) ∩ (I3 ∪ I ′3), if t < 0
=
{
(I1 ∩ I2) ∪ (I ′1 ∩ I ′2), if t ≥ 0
(I1 ∩ I ′3) ∪ (I ′1 ∩ I3), if t < 0
with I2 = (
u
t ,
1
ut) and I3 = (
1
tu ,
u
t ). We divide R as
R =
(
−∞,− 1
u2
,
]
∪
(
− 1
u2
,−1
]
∪ (−1,−u2] ∪ (−u2, 0] ∪ (0, u2] ∪ (u2, 1] ∪
(
1,
1
u2
]
∪
(
1
u2
,∞
)
.
If t ∈ (−∞,− 1
u2
,
] ∪ [−u2, u2] ∪ [ 1
u2
,∞) ∪ {−1, 1}, then It,u = ∅, so that in this case
hu(t) = 0. (2.6)
4
If t ∈ (−1/u2,−1), then It,u =
(
u,− 1tu
) ∪ ( 1ut ,−u) and∫
R
1
|y|χIt,udy = −2 log |t|+ 4 log
1
u
. (2.7)
If t ∈ (−1,−u2), then It,u = (− 1u , ut ) ∪ (−ut , 1u) and we have∫
R
1
|y|χIt,udy = 2 log |t|+ 4 log
1
u
. (2.8)
If t ∈ (u2, 1), then It,u =
(
u
t ,
1
u
) ∪ (− 1u ,−ut ) and∫
R
1
|y|χIt,udy = 2 log |t|+ 4 log
1
u
. (2.9)
If t ∈ (1, 1u2 ), then It,u = (u, 1tu) ∪ (− 1tu ,−u) and we have∫
R
1
|y|χIt,udy = −2 log |t|+ 4 log
1
u
. (2.10)
On taking f and g as fu and gu in (2.2) and then using (2.5)-(2.10), we obtain
J =
(∫
−1/u2
−∞
+
∫
−1
−1/u2
+
∫
−u2
−1
+
∫ 0
−u2
+
∫ u2
0
+
∫ 1
u2
+
∫ 1/u2
1
+
∫
∞
1/u2
)
|φ(t)|
|t|2α+2hu(t)dt
≥ 4 log 1
u
[∫
−u2
−1/u2
inf
y∈R
(
v(ty)
v(y)
) 1
p |φ(t)|
|t|2α+2− 1p
(
1− ξ(t)
4 log 1u
)
dt
+
∫ 1/u2
u2
inf
y∈R
(
v(ty)
v(y)
) 1
p |φ(t)|
|t|2α+2− 1p
(
1− ξ(t)
4 log 1u
)
dt
]
, (2.11)
where
ξ(t) =
{
2 log |t|, if t ∈ (−1/u2,−1) ∪ (1, 1/u2)
−2 log |t|, if t ∈ (−1,−u2) ∪ (u2, 1).
Now, using (2.11) and (2.4) in (2.3) for f = fu and g = gu, we get
∫
−u2
−1/u2
inf
y∈R
(
v(ty)
v(y)
) 1
p |φ(t)|
|t|2α+2− 1p
(
1− ξ(t)
4 log 1u
)
dt
+
∫ 1/u2
u2
inf
y∈R
(
v(ty)
v(y)
) 1
p |φ(t)|
|t|2α+2− 1p
(
1− ξ(t)
4 log 1u
)
dt ≤ ‖Hα,φ‖.
By the Monotone Convergence Theorem, the LHS ↑ Ainf as u→ 0 and we are done.
In view of Theorems 2.1 and 2.2, a characterization for the boundedness of Hα,φ : L
p
v(R) →
Lpv(R) can be derived. In fact, the following is immediate:
Theorem 2.3. Let 1 < p <∞, v be weight function and φ ∈ L1(R). Let the following be satisfied
for some constant c > 0:
sup
y∈R
v(ty)
v(y)
≤ c inf
y∈R
v(ty)
v(y)
.
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Then the operator Hα,φ : L
p
v(R) → Lpv(R) is bounded if and only if Asup < ∞ and moreover the
following estimates hold:
1
c
Asup ≤ ‖Hα,φ‖Lpv(R)→Lpv(R) ≤ Asup.
Corollary 2.4. Let 1 < p < ∞, v be weight function and φ ∈ L1(R). If there exists a function h
such that v(xy) = v(x)h(y), then Asup = Ainf and
‖Hα,φ‖Lpv(R)→Lpv(R) =
∫
R
|φ(t)|
|t|2α+2− 1p
h1/p(t) dt.
For α = −1/2 and φ(t) = 1tχ(1,∞)(t), as pointed out earlier, the operator Hα,φ becomes the
Hardy averaging operator
Hf(x) =
1
x
∫ x
0
f(t) dt.
Further, if we take v(t) = tβ, β < p− 1, then Asup = p
β − p− 1 and
‖H‖Lp
tβ
(R)→Lp
tβ
(R) =
p
β − p+ 1 .
The above discussion leads to the following corollary which, in fact, is the classical Hardy inequality
(see e.g. [9, Theorem 330], [16, (3.6) p. 23] or [17, Theorem 6 p. 726]):
Corollary 2.5. Let 1 < p <∞ and β < p− 1 be a the weight function. Then the inequality
‖Hf‖Lp
xβ
(R) ≤
(
p
β − p+ 1
)
‖f‖Lp
xβ
(R)
holds and the constant
(
p
β−p+1
)
is sharp.
Remark 2.6. (i) When p = 1 and v(x) = |x|2α+1, Theorem 2.1 reduces to ([4], Theorem 3.1).
(ii) When v(x) = |x|2α+1, Theorem 2.1 reduces to ([6], Theorem 1)
(iii) When α = −1/2, Theorems 2.1, 2.2, 2.3 and Corollary 2.4 reduce to ([3], Theorems 1(i), 1(ii),
Corollaries 1 and 2, respectively for w = v). Moreover, the functions here are defined on R
unlike in [3] where the domain is R+.
3 Two dimensional case
In this section, we derive the two dimensional analogues of the results proved in Section 2.
Definition 3.1. For φ ∈ L1(R2), the two dimensional Dunkl-Hausdorff operator is defined by
Hα,φ(f(x1, x2)) =
∫
R2
|φ(t1, t2)|
|t1t2|2α+2 f
(
x1
t1
,
x2
t2
)
dt1dt2.
Now, we prove the boundedness of Hα,φ. By using generalised Minkowski inequality, change of
variables and Ho¨lder’s inequality in two dimensions, the following theorem can be proved along the
same lines as in Theorem 2.1.
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Theorem 3.2. Let 1 < p <∞, v be weight function and φ ∈ L1(R2) be such that
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
(
sup
(y1,y2)∈R2
v(t1y1, t2y2)
v(y1, y2)
)1/p
dt1dt2 =: Asup <∞.
Then the operator Hα,φ : L
p
v(R2)→ Lpv(R2) is bounded and
‖Hα,φf‖Lpv(R2) ≤ Asup‖f‖Lpv(R2).
Towards the converse of Theorem 3.2, we prove the following:
Theorem 3.3. Let 1 < p < ∞, v be weight function and φ ∈ L1(R2). If the operator Hα,φ :
Lpv(R2)→ Lpv(R2) is bounded, then
‖Hα,φ‖ ≥
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
(
inf
(y1y2)∈R2
v(t1y1, t2y2)
v(y1, y2)
)1/p
dt1dt2 =: Ainf .
Proof. Let 0 ≤ f ∈ Lpv(R2) and 0 ≤ g ∈ Lp
′
v1−p′
(R2). On using Fubini’s Theorem and Ho¨lder’s
inequality, We have
J :=
∫
R2
|φ(t1, t2)|
|t1t2|2α+2
∫
R2
f
(
x1
t1
,
x2
t2
)
g(x1, x2)dx1dx2dt1dt2 (3.1)
=
∫
R2
g(x1, x2)
(∫
R2
|φ(t1, t2)|
|t1t2|2α+2 f
(
x1
t1
,
x2
t2
)
dt1dt2
)
dx1dx2
≤
∫
R2
|g(x1, x2)| |(Hα,φf) (x1, x2)| dx1dx2
≤
(∫
R2
|(Hα,φf) (x1, x2)|p v(x1, x2)dx1dx2
)1/p (∫
R
|g(x1, x2)|p′v(x1, x2)
−p′
p dx1dx2
)1/p′
≤ ‖Hα,φ‖‖f‖Lpv(R2)‖g‖Lp′
v1−p
′
(R2)
. (3.2)
Now, for u ∈ (0, 1), we define the test functions
fu(x1, x2) =
v−1/p(x1, x2)
|x1x2|
1
p
χI1∪I′1×I1∪I′1(x1, x2),
gu(x1, x2) =
v1/p(x1, x2)
|x1x2|
1
p′
χI1∪I′1×I1∪I′1(x1, x2),
where I1 = (u, 1/u) and as before I
′
1 = (−1/u,−u). Then it can be calculated that
‖fu‖pLpv(R2) = ‖gu‖
p′
Lp
′
v1−p
′
(R2)
= (4 log(1/u))2. (3.3)
Also, on taking xi/ti = yi for i = 1, 2, we have
hu(t1, t2) :=
∫
R2
fu
(
x1
t1
,
x2
t2
)
gu(x1, x2)dx1dx2
= |t1t2|
1
p
∫
R2
1
|y1y2|χI1∪I
′
1
×I1∪I′1
(y1, y2)v
−
1
p (y1, y2)v
1
p (t1y1, t2y2)χI1∪I′1×I1∪I′1(t1y1, t2y2)dy1dy2
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≥ inf
(y1,y2)∈R2
v
1
p (t1y1, t2y2)
v
1
p (y1, y2)
|t1t2|
1
p
∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2,
where
It1,t2,u =


(I1 ∪ I ′1) ∩ (I2 ∪ I ′2)× (I1 ∪ I ′1) ∩ (I3 ∪ I ′3) , if t1, t2 > 0
(I1 ∪ I ′1) ∩ (I4 ∪ I ′4)× (I1 ∪ I ′1) ∩ (I5 ∪ I ′5) , if t1, t2 < 0
(I1 ∪ I ′1) ∩ (I2 ∪ I ′2)× (I1 ∪ I ′1) ∩ (I5 ∪ I ′5) , if t1 > 0, t2 < 0
(I1 ∪ I ′1) ∩ (I4 ∪ I ′4)× (I1 ∪ I ′1) ∩ (I3 ∪ I ′3) , if t1 < 0, t2 > 0.
=


(I1 ∩ I2) ∪ (I ′1 ∩ I ′2)× (I1 ∩ I3) ∪ (I ′1 ∩ I ′3) , if t1, t2 > 0
(I1 ∩ I ′4) ∪ (I ′1 ∩ I4)× (I1 ∩ I ′5) ∪ (I ′1 ∩ I5) , if t1, t2 < 0
(I1 ∩ I2) ∪ (I ′1 ∩ I ′2)× (I1 ∩ I ′5) ∪ (I ′1 ∩ I5) , if t1 > 0, t2 < 0
(I1 ∩ I ′4) ∪ (I ′1 ∩ I4)× (I1 ∩ I3) ∪ (I ′1 ∩ I ′3) , if t1 < 0, t2 > 0,
with
I2 =
(
u
t1
,
1
ut1
)
I3 =
(
u
t2
,
1
ut2
)
I4 =
(
1
ut1
,
u
t1
)
I5 =
(
1
ut2
,
u
t2
)
.
It is observed that if t1 ∈ (−∞,− 1u2 ] ∪ [−u2, u2] ∪
[
1
u2 ,∞
) ∪ {−1, 1} and t2 ∈ (−∞,∞), then
It1,t2,u = ∅ and therefore, in this case hu(t1, t2) = 0. The same is the situation if t2 ∈ (−∞,− 1u2 ] ∪
[−u2, u2] ∪ [ 1
u2
,∞) ∪ {−1, 1} and t1 ∈ (−∞,∞), then hu(t1, t2) = 0. We deal with the remaining
cases as follows:
Case 1 : t1, t2 ∈ (u2, 1). In this case, it can be worked out that
It1,t2,u = I6 ∪ I ′6 × I7 ∪ I ′7, where I6 =
(
u
t1
,
1
u
)
, I7 =
(
u
t2
,
1
u
)
and therefore,∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 2 : t1 ∈ (1, 1u2 ), t2 ∈ (u2, 1). In this case
It1,t2,u = I8 ∪ I ′8 × I7 ∪ I ′7, where I8 =
(
u,
1
ut1
)
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 3 : t1 ∈ (u2, 1), t2 ∈ (1, 1u2 ). In this case
It1,t2,u = I6 ∪ I ′6 × I9 ∪ I ′9, where I9 =
(
u,
1
ut2
)
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
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Case 4 : t1, t2 ∈ (1, 1u2 ). In this case
It1,t2,u = I8 ∪ I ′8 × I9 ∪ I ′9
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 5 : t1 ∈ (− 1u2 ,−1), t2 ∈ (u2, 1). In this case, it can be worked out that
It1,t2,u = I10 ∪ I ′10 × I7 ∪ I ′7, where I10 =
(
u,− 1
ut1
)
and therefore,
∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 6 : t1 ∈ (−1,−u2), t2 ∈ (u2, 1). In this case
It1,t2,u = I11 ∪ I ′11 × I7 ∪ I ′7, where I11 =
(
− u
t1
,
1
u
)
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 7 : t1 ∈ (− 1u2 ,−1), t2 ∈ (1, 1u2 ). In this case
It1,t2,u = I10 ∪ I ′10 × I9 ∪ I ′9
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 8 : t1 ∈ (−1,−u2), t2 ∈ (1, 1u2 ). In this case
It1,t2,u = I11 ∪ I ′11 × I9 ∪ I ′9
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 9 : t1 ∈ (− 1u2 ,−1), t2 ∈ (−1,−u2). In this case
It1,t2,u = I10 ∪ I ′10 × I12 ∪ I ′12, where I12 =
(
− u
t2
,
1
u
)
9
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 10 : t1, t2 ∈ (− 1u2 ,−1). In this case, it can be worked out that
It1,t2,u = I10 ∪ I ′10 × I13 ∪ I ′13, where I13 =
(
u,− 1
ut2
)
and therefore,
∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 11 : t1, t2 ∈ (−1,−u2). In this case
It1,t2,u = I11 ∪ I ′11 × I12 ∪ I ′12
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 12 : t1 ∈ (−1,−u2), t2 ∈ (− 1u2 ,−1). In this case
It1,t2,u = I11 ∪ I ′11 × I13 ∪ I ′13
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 13 : t1 ∈ (u2, 1), t2 ∈ (−1,−u2). In this case, it can be worked out that
It1,t2,u = I6 ∪ I ′6 × I12 ∪ I ′12
and therefore,
∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
Case 14 : t1 ∈ (1, 1u2 ), t2 ∈ (−1,−u2). In this case
It1,t2,u = I8 ∪ I ′8 × I12 ∪ I ′12
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |
1
t2
|
2 log 1u
)
.
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Case 15 : t1 ∈ (u2, 1), t2 ∈ (− 1u2 ,−1). In this case
It1,t2,u = I6 ∪ I ′6 × I13 ∪ I ′13
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |
1
t1
|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Case 16 : t1 ∈ (1, 1u2 ), t2 ∈ (− 1u2 ,−1). In this case
It1,t2,u = I8 ∪ I ′8 × I13 ∪ I ′13
so that ∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2 =
(
4 log
1
u
)2(
1− log |t1|
2 log 1u
)(
1− log |t2|
2 log 1u
)
.
Combining the above information and taking f and g as fu and gu respectively in (3.1), we obtain
that
J =
∫
R2
∫
R2
|φ(t1, t2)|
|t1t2|2α+2hu(t1, t2)dt1dt2
≥
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
inf
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
) 1
p
∫
R2
1
|y1y2|χIt1,t2,u(y1, y2)dy1dy2dt1dt2
=
(
4 log
1
u
)2(∫ −u2
−
1
u2
∫
−u2
−
1
u2
+
∫ 1
u2
u2
∫ 1
u2
u2
+
∫ 1
u2
u2
∫
−u2
−
1
u2
+
∫
−u2
−
1
u2
∫ 1
u2
u2
)(
|φ(t1, t2)|
|t1t2|2α+2−
1
p
×
× inf
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
) 1
p
(
1− ξ(t1)
2 log 1u
)(
1− ξ(t2)
2 log 1u
)
dt1dt2
)
, (3.4)
where for i = 1, 2
ξ(ti) =
{
log | 1ti |, if ti ∈ (u2, 1] ∪ (−1,−u2]
log |ti|, if ti ∈ (1, 1/u2] ∪ (−1/u2,−1).
Now, by using the test functions fu, gu in (3.2) and using (3.3), (3.4), we get(∫
−u2
−
1
u2
∫
−u2
−
1
u2
+
∫ 1
u2
u2
∫ 1
u2
u2
+
∫ 1
u2
u2
∫
−u2
−
1
u2
+
∫
−u2
−
1
u2
∫ 1
u2
u2
)(
|φ(t1, t2)|
|t1t2|2α+2−
1
p
inf
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
) 1
p
×
×
(
1− ξ(t1)
2 log 1u
)(
1− ξ(t2)
2 log 1u
)
dt1dt2
)
≤ ‖Hα,φ‖.
By the Monotone Convergence Theorem and on taking u→ 0 we have
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
inf
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
) 1
p
dt1dt2 ≤ ‖Hα,φ‖
and we are done.
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On the lines of Theorem 2.3, a characterization of the boundedness of Hα,φ : L
p
v(R2)→ Lpv(R2)
can be obtained. Precisely, we have the following
Theorem 3.4. Let 1 < p <∞, v be weight function and φ ∈ L1(R2). Let the following be satisfied
for some constant c > 0:
sup
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
)
≤ c inf
(y1,y2)∈R2
(
v(t1y1, t2y2)
v(y1, y2)
)
.
Then the operator Hα,φ : L
p
v(R2) → Lpv(R2) is bounded if and only if Asup < ∞ and moreover the
following estimates hold:
1
c
Asup ≤ ‖Hα,φ‖Lpv(R2)→Lpv(R2) ≤ Asup.
Corollary 3.5. Let 1 < p <∞, v be weight function and φ ∈ L1(R2). If there exists a function h
such that v(x1y1, x2y2) = v(x1, x2)h(y1, y2), then Asup = Ainf and
‖Hα,φ‖Lpv(R2)→Lpv(R2) =
∫
R
|φ(t1, t2)|
|t1t2|2α+2−
1
p
h1/p(t1, t2) dt1dt2.
Remark 3.6. For α = −1/2, Hα,φ reduces to the two dimensional Hausdorff operator
Hφf(x1, x2) =
∫
R2
|φ(t1, t2)|
|t1t2| f
(
x1
t1
,
x2
t2
)
dt1dt2
which on replacement φ(s1, s2) =
1
s1s2
ψ
(
1
s1
, 1s2
)
becomes equivalent to
Gψg(x1, x2) =
∫
R2
ψ
(
t1
x1
,
t2
x2
)
g(t1, t2) dt1dt2.
The Lp(R+ × R+)-boundedness of Gψ (consequently of Hψ) was proved in [10]. Moreover, if we
take
φ(t1, t2) =
1
t1t2
χ(1,∞)(t1)χ(1,∞)(t2)
then Hψf becomes the two-dimensional Hardy operator [18]
H2f(x1, x2) =
1
x1x2
∫ x1
0
∫ x2
0
f(t1, t2) dt1dt2.
4 Some generalizations
In this section, we shall prove generalizations of some of the theorems proved in the previous section.
To begin with, the following theorem is a two-weight generalization of Theorem 2.1
Theorem 4.1. Let 1 < p <∞, v,w be weight functions and φ ∈ L1(R) be such that
∫
R
|φ(t)|
|t|2α+2− 1p
(
sup
y∈R
v(ty)
w(y)
)1/p
dt =: Bsup <∞.
Then the operator Hα,φ : L
p
w(R)→ Lpv(R) is bounded and
‖Hα,φf‖Lpv(R) ≤ Bsup‖f‖Lpw(R).
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Proof. It follows on the similar lines as that of the proof of Theorem 2.1 by replacing vv−1 by ww−1
in (2.1).
Theorem 4.1 has the following version for two indices p, q:
Theorem 4.2. Let 1 < q < p <∞, v,w be weight functions and φ ∈ L1(R) be such that
∫
R
|φ(t)|
|t|2α+2− 1p
(∫
R
[v(ty)]
p
p−q
[w(y)]
q
p−q
dy
) p−q
pq
dt =: Dsup <∞.
Then the operator Hα,φ : L
p
w(R)→ Lqv(R) is bounded and
‖Hα,φf‖Lqv(R) ≤ Dsup‖f‖Lpw(R).
Proof. Let f ∈ Lpv(R) then by using generalised Minkowski inequality, change of variables, Ho¨lder’s
inequality for p/q > 1 and , we have
‖Hα,φf‖Lqv(R) =
(∫
R
|Hα,φf(x)|qv(x)dx
) 1
q
=
(∫
R
∣∣∣∣
∫
R
|φ(t)|
|t|2α+2 f
(x
t
)
dt
∣∣∣∣
q
v(x)dx
) 1
q
≤
(∫
R
(∫
R
|φ(t)|
|t|2α+2
∣∣∣f (x
t
)∣∣∣ v 1q (x)dt)q dx)
1
q
≤
∫
R
|φ(t)|
|t|2α+2 |t|
1
q
(∫
R
|f(y)|q v(yt)dy
) 1
q
dt
=
∫
R
|φ(t)|
|t|2α+2− 1q
(∫
R
|f(y)|q w qp (y)w− qp (y)v(yt)dy
) 1
q
dt
≤

∫
R
|φ(t)|
|t|2α+2− 1q
(∫
R
[v(ty)]
p
p−q
[w(y)]
q
p−q
dt
) p−q
pq
dt

(∫
R
|f(y)|pw(y)dy
) 1
p
= Dsup‖f‖Lpw(R)
and the assertion follows.
Two dimensional versions of Theorems 4.1 and 4.2 can also be proved. We only state the results.
Theorem 4.3. Let 1 < p <∞, v,w be weight functions and φ ∈ L1(R2) be such that
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
(
sup
(y1,y2)∈R2
v(t1y1, t2y2)
w(y1, y2)
)1/p
dt1dt2 =: Bsup <∞.
Then the operator Hα,φ : L
p
w(R2)→ Lpv(R2) is bounded and
‖Hα,φf‖Lpv(R2) ≤ Bsup‖f‖Lpw(R2).
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Theorem 4.4. Let 1 < q < p <∞, v,w be weight functions and φ ∈ L1(R2) be such that
∫
R2
|φ(t1, t2)|
|t1t2|2α+2−
1
p
(∫
R2
[v(t1y1, t2y2)]
p
p−q
[w(y1, y2)]
q
p−q
) p−q
pq
dt1dt2 =: Dsup <∞.
Then the operator Hα,φ : L
p
w(R2)→ Lqv(R2) is bounded and
‖Hα,φf‖Lqv(R2) ≤ Dsup‖f‖Lpw(R2).
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